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Abstract
We conduct direct numerical simulations for turbulent Rayleigh-Be´nard (RB) convection, driven
simultaneously by two scalar components (say, temperature and salt concentration) with different
molecular diffusivities, and measure the respective fluxes and the Reynolds number. To account for
the results, we generalize the Grossmann-Lohse theory for traditional RB convections (Grossmann
and Lohse, J. Fluid Mech., 407, 27-56; Phys. Rev. Lett., 86, 3316-3319; Stevens et al., J. Fluid
Mech., 730, 295-308) to this two-scalar turbulent convection. Our numerical results suggest that
the generalized theory can successfully predict the overall trends for the fluxes of two scalars
and the Reynolds number. In fact, for most of the parameters explored here, the theory can even
predict the absolute values of the fluxes and the Reynolds number with good accuracy. The current
study extends the generality of the Grossmann-Lohse theory in the area of the buoyancy-driven
convection flows.
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INTRODUCTION
Rayleigh-Be´nard (RB) convection serves as a commonly used system for studying natural
convection which is ubiquitous in many nature and engineering environments. RB convection
refers to a fluid layer which is heated from below and cooled from above, and is subject to an
external gravitation field. Such systems have been extensively studied in recent years, e.g. see
the reviews of [1], [10], and [3]. One key question is how the scalar flux and flow velocity
depend on the control parameters. The unifying theory for the flux and flow velocity [“GL
theory” 4–7], which are measured respectively by the Nusselt number Nu and the Reynolds
number Re , has achieved great success for RB flows [1, 16], and now has predictive power
for the absolute values of Nu and Re for given control parameters, i.e. the Rayleigh number
Ra and the Prandtl number Pr .
However, in reality the convection flow can be much more complex than the idealized
RB system, as in the case of external rotation [e.g. 9, 19], inhomogeneities of the top and
bottom boundaries [e.g. 2, 18], or wall roughness [e.g. 13, 14, 20, 23]. In this study we
will investigate another type of complexity, i.e. RB convection driven by two different
scalar components. Multiple-component convection is commonly encountered in nature.
For instance, the density of seawater is mainly determined by temperature and salinity,
and chemical reaction flows usually have more than one species. In the Ocean the vertical
convection flow driven by both temperature and salinity gradients is usually referred to as
double diffusive convection (DDC) [12, 17]. Our previous study on DDC was confined in
the so-called fingering regime, where the fluid layer experiences an unstable salinity gradient
and stable temperature gradient [21, 22].
Here we will focus on the convection flow driven simultaneously by two scalar components
with different molecular diffusivities. Our previous study showed that the original GL model
can be used to describe the salinity transfer in fingering DDC flow [21, 22]. The theory has
also been applied to DDC in the diffusive regime, in which the fluid layer is subjected to
an unstable temperature gradient and a stable salinity gradient [8]. In this study the RB
convection is driven by two scalar components which are both unstably stratified. Recall that
the key idea of the GL theory is to divide both the momentum and thermal fields into their
own boundary layer and bulk regions. Then scalings are developed for the two respective
contributions to the respective dissipation rates, leading to Nu(Ra , Pr) and Re(Ra, Pr).
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It is straightforward to generalize this type of argument to multiple scalar fields. We will
validate this generalization of the GL theory by direct numerical simulations.
The paper is organized as follows. In section 2 we will provide the governing dynamical
equations of the system and the details of our simulations. In section 3 we will present the
generalization and application of the GL theory to the two-scalar RB convection. Finally
section 4 concludes the paper.
GOVERNING EQUATIONS AND NUMERICAL SIMULATIONS
The flow under consideration is incompressible and the density ρ is determined by two
scalar components, say temperature θ(x, t) and concentration field s(x, t). The Oberbeck-
Buossinesq approximation is adopted, i.e. the fluid density depends linearly on both scalars
as ρ(θ, s) = ρ0[1 − βθθ + βss]. ρ0 is a reference density, while θ and s are the temperature
and concentration relative to their respective reference values. βζ is the positive expansion
coefficient respectively for temperature (ζ = θ) and concentration (ζ = s). From now on
the subscript ζ = θ or s stands for a quantity associated to scalar ζ . The signs before
the two terms indicate that the density is bigger for either lower temperature or higher
concentration, which are the usually cases in practice.
The governing equations consist of the momentum equation and the advection-diffusion
equations of two scalars, which read
∂tui + uj∂jui = −∂ip+ ν∂2j ui + gδi3(βθθ − βss), (1a)
∂tθ + uj∂jθ = κθ∂
2
j θ, (1b)
∂ts+ uj∂js = κs∂
2
j s. (1c)
Here ui with i = 1, 2, 3 are three velocity components, p is the kinematic pressure, ν is the
kinematic viscosity, g is the gravitational acceleration, and κζ is the molecular diffusivity,
respectively. The dynamic system is further constrained by the continuity equation ∂iui = 0.
The fluid layer is between two parallel plates which are perpendicular to gravity and
separated by a height H . At each plate both the temperature and concentration are kept
constant, and the scalar difference between two plates is denoted by ∆. The top plate has
lower temperature and higher concentration, thus the flow is driven by both scalars. The
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flow has four control parameters, namely two Prandtl numbers and two Rayleigh numbers,
Pr ζ =
ν
κζ
, Raζ =
gβζ∆ζH
3
κζν
. (2)
Another useful parameter, which is borrowed from the DDC community, is the density ratio
Λ =
βθ∆θ
βs∆s
=
Pr sRaθ
Pr θRas
. (3)
Λ measures the relative strength of the buoyancy force induced by the temperature difference
to that induced by the concentration difference. Λ < 1 indicates that the buoyancy force
of the concentration difference is stronger than that of the temperature field, which we
refer to as the “concentration-dominant” (CD) regime. Accordingly, Λ > 1 is referred to
as the “temperature-dominant” (TD) regime. Three key responses of the system are the
scalar fluxes and the flow velocity, which are measured by the two Nusselt numbers and the
Reynolds number
Nus =
〈u3s〉 − κs∂3〈s〉
κs∆sH−1
, Nuθ =
〈u3θ〉 − κθ∂3〈θ〉
κθ∆θH−1
, Re =
urmsH
ν
. (4)
Here 〈·〉 represents the spatial and time average. urms is the root-mean-square value of the
velocity magnitude.
The governing equation (1) is numerically solved by using a highly efficient code developed
in our group [11], which has been used intensively in our previous DDC studies [21, 22]. The
code employs a multiple-grid method, which solves the momentum and fast-diffusing scalar
on a base mesh, and the slow diffusing scalar on a refined mesh, respectively. The resolution
is chosen to meet the criteria proposed in [15]. The flow quantities are non-dimensionalized
by the height H , the free-fall velocity defined by concentration difference Uc =
√
gβs∆sH,
and the scalar differences ∆ζ , respectively. At two plates no-slip boundary conditions are
applied and both scalars are kept constant. In the two horizontal directions the periodic
boundary conditions are employed. We fix Pr θ = 1 and change Raθ, Ras, and Pr s. In
this work we always set Pr s > Pr θ, which implies that concentration diffuses slower than
temperature. The simulated cases are summarized in table I. All cases are sorted into four
groups, as shown in table I. Within each group we only vary one control parameter and fix
all others constant.
In figure 1 we show the scalar fields of three different runs with fixed Pr s = 10 and
Ras = 10
7 but different Raθ = 10
5 (a, b), 106 (c, d), and 107 (e, f), or equivalently Λ = 0.1,
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Prs Raθ Ras Λ Γ nx (mx) nz (mz) Nuθ Nus Re
10.0 106 105 100.0 4.0 240(3) 128(2) 18.481 8.2880 221.24
10.0 106 106 10.0 4.0 240(3) 128(2) 18.737 8.3676 223.03
10.0 106 107 1.0 4.0 240(4) 192(2) 20.809 8.9735 238.63
10.0 106 108 0.1 4.0 288(4) 192(2) 31.683 12.456 395.77
10.0 106 109 0.01 4.0 512(4) 384(2) 60.811 22.773 1083.3
10.0 107 105 1000.0 4.0 384(4) 192(2) 35.609 15.769 681.74
10.0 107 106 100.0 4.0 384(4) 192(2) 35.723 15.841 680.93
10.0 107 107 10.0 4.0 384(4) 192(2) 36.131 15.946 687.62
10.0 107 108 1.0 4.0 384(4) 192(2) 40.168 17.152 744.13
10.0 107 109 0.1 2.0 288(4) 288(2) 63.993 24.929 1208.2
10.0 104 107 0.01 4.0 256(2) 192(1) 16.289 6.0401 99.597
10.0 105 107 0.1 4.0 256(2) 192(1) 16.714 6.5328 119.79
10.0 106 107 1.0 4.0 240(4) 192(2) 20.809 8.9735 238.63
10.0 107 107 10.0 4.0 384(4) 192(2) 36.131 15.946 687.62
10.0 108 107 100.0 2.0 384(4) 384(2) 72.405 31.514 1937.7
1.0 107 107 1.0 4.0 384(1) 192(1) 19.341 19.341 949.51
2.0 107 107 2.0 4.0 384(2) 192(1) 22.759 17.340 779.04
5.0 107 107 5.0 4.0 384(3) 192(2) 29.362 16.229 705.87
10.0 107 107 10.0 4.0 384(4) 192(2) 36.131 15.946 687.62
30.0 107 107 30.0 2.0 384(6) 385(2) 52.525 16.503 692.06
TABLE I. Summary of the control parameters, numerical details, and the global responses. For all
cases Prθ = 1. Columns from left to right: Prandtl number of concentration field, Rayleigh numbers
of temperature and concentration, density ratio, aspect ratio of domain (horizontal length over
height), horizontal resolution of base mesh (refinement factor of refined mesh), vertical resolution
of base mesh (refinement factor of refined mesh), two Nusselt numbers, and Reynolds number.
Note that some cases appear repeatedly for the completeness of each group.
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(a) (b)
(c) (d)
(e) (f)
FIG. 1. Three-dimensional volume rendering of the temperature (left column) and the concentra-
tion (right column) for three different runs with Prs = 10 and Ras = 10
7. From top row to bottom
Raθ = 10
5, 106, and 107, or equivalently Λ = 0.1, 1, and 10, respectively.
1, and 10, respectively. For the case shown in figures 1(a, b) with Λ = 0.1 the buoyancy force
is dominated by the concentration difference. Since for this case the molecular diffusivity of
temperature is ten times faster than that of concentration, the typical size of the temperature
plumes is much larger than the concentration ones due to the fast horizontal diffusion. On
the contrary, for Λ = 10 as shown in figures 1(e, f) the temperature component contributes
the most part of the buoyancy force, and the temperature plumes are very active. Now the
concentration plumes become thin filaments embedded within temperature plumes. When
Λ = 1 (figures 1c, d) the two scalar components contribute equally to the total buoyancy
force, and the size of the scalar plumes is in between of the other two cases.
Figure 2 displays the profiles of the flow quantities for the three cases shown in figure 1.
The mean profiles of the scalars suggest that both scalar fields have two thin boundary layer
regions with high gradient adjacent to the plates, and in between a well mixed bulk region
with nearly constant mean values (see figures 2a, 2c, 2e). In figures 2b, 2d, and 2f we plot
the root-mean-square (rms) profiles of the fluctuations of scalars and one horizontal velocity
component near the bottom plate. As in the RB flow, the peak location in rms profile can
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FIG. 2. Mean profiles of two scalars (left column) and the root-mean-square of scalars and one
horizontal velocity coponent (right column) for the three cases shown in figure 1 (from top to
bottom). For clarity of the near wall region and due to the symmetry about z = 0.5, in the right
column we only show the lower half of the domain.
be regarded as the height of the boundary layers. Note that for the three cases shown here,
Ras is fixed at 10
7, and Raθ increases from 10
5 to 107. As Raθ becomes larger, the total
driving buoyancy force increases. The velocity fluctuation becomes stronger, indicating more
intense turbulence. Accordingly, the peak location of velocity rms moves closer to the plate.
Meanwhile, the boundary layer thickness of both scalars decreases and the concentration
boundary layer is always nested inside the temperature boundary layer due to its smaller
diffusivity than that of temperature.
Interestingly, the momentum boundary layer has larger thickness than both scalar fields,
even for the case with Raθ = 10
5 shown in figure 2b. Note that for this case Λ = 0.1,
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meaning that the buoyancy force of the temperature difference is much smaller than that
of the concentration difference. But the momentum boundary layer thickness is still set by
the temperature field. This is consistent with the flow structures shown in figure 1, since
temperature diffuses faster than concentration and its boundary layer extends beyond that
of concentration field. Thermal plumes grow from a location higher than concentration
plumes do and therefore the temperature field sets the momentum boundary layer height
even for very small Λ.
GENERALIZED GROSSMANN-LOHSE THEORY
The GL theory was originally developed for RB flow [4–7] to provide a unifying theory
for Nu(Ra, Pr) and Re(Ra, Pr), and successfully accounts for most of the existing exper-
imental and numerical results [1, 16]. Our previous DDC studies [21, 22] showed that the
original theory, without any modification of the coefficients, can also be used to describe the
concentration flux and flow velocity scalings of the fingering DDC flow, i.e. flow driven by
a concentration difference and stablized by a temperature difference. In this section we will
briefly discuss the theory and the formulations, and then apply it to the current two-scalar
convection flow.
The theory is built upon the exact relations between the dissipation rates and the global
fluxes, which for the present problem read
ǫθ ≡
〈
κθ[∂iθ]
2
〉
V
= κθ (∆θ)
2H−2Nuθ, (5a)
ǫs ≡
〈
κs[∂is]
2
〉
V
= κs (∆s)
2H−2Nus, (5b)
ǫu ≡
〈
ν[∂iuj]
2
〉
V
= ν3H−4
[
Raθ Pr
−2
θ (Nuθ − 1) + Ras Pr−2s (Nus − 1)
]
. (5c)
The flow domain is divided into the boundary-layer and bulk regions. For each region differ-
ent scalings are derived for the individual dissipation rates. Such division is still applicable
to the current flow, as shown in figure 1. Following the same arguments as in the origi-
nal theory, one finally obtains the GL theory for the turbulent two-scalar convective flow,
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namely
(Nus − 1)RasPr−2s + (Nuθ − 1)RaθPr−2θ = c1
Re2
g
(√
Rec/Re
) + c2Re3, (6a)
Nuθ − 1 = c3Re1/2 Pr 1/2θ
{
f
[
2aNuθ√
Rec
g
(√
Rec
Re
)]}1/2
+c4Re Pr θ f
[
2aNuθ√
Rec
g
(√
Rec
Re
)]
, (6b)
Nus − 1 = c3Re1/2 Pr 1/2s
{
f
[
2aNus√
Rec
g
(√
Rec
Re
)]}1/2
+c4Re Pr s f
[
2aNus√
Rec
g
(√
Rec
Re
)]
. (6c)
Note that as explained in [21], when either of the two scalar differences decreases to zero, the
flow will reduce to the traditional RB flow with one scalar and the theory should degenerate
to the original form. Thus there are only the five original coefficients ci with i = 1, 2, 3, 4
and a in (6b) and (6c), and not two extra ones for the second scalar field, as one may naively
assume. The ci with i = 1, 2, 3, 4 and a can directly be taken from [16], i.e.
c1 = 8.05, c2 = 1.38, c3 = 0.487, c4 = 0.0252, a = 0.922. (7)
We now compare the theory to the current numerical results. To correctly predict the
Reynolds number a transformation coefficient α needs to be determined and the procedure
is described in [16]. Here we fix α = 1.453 by using the Reynolds number of the case with
Pr s = 10, Raθ = Ras = 10
7. Figure 3 shows both the theoretical predictions and the
numerical measurements for the four groups of the cases listed in table I. The overall trends
of all three global responses, namely Nuθ, Nus, and Re , are very well captured by the theory.
Moreover, the theory can even predict the absolute values for most of the cases.
However, some discrepancy is observed for certain parameters. Among the three global
responses, the theoretical prediction for the concentration flux Nus exhibits the biggest
deviation from the numerical results, especially in the deep TD regime (with large Λ). In
this regime the flow is mainly driven by the temperature difference, such as the case shown
in figures 1e and 1f. All the concentration plumes are very thin and stay in the core regions
of the temperature plumes, therefore the buoyancy anomaly associated to concentration and
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FIG. 3. Comparison of the GL theory (lines) to the numerical results (symbols). Each subfigure
shows a group of cases listed in table I. The vertical gray line in every plot indicates the location
Λ = 1, which separates the CD and TD regimes.
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its effects on the momentum field are confined inside the temperature plumes due to the
slow sideward diffusion. The morphology and dynamics of such thin concentration plumes
are very different from the traditional RB plumes, thus the original scaling arguments of the
GL theory become less accurate.
For the opposite situation in the deep CD regime (with small Λ), although the buoyancy
force is mainly generated by the concentration component, the temperature anomaly diffuses
faster in the lateral direction and is not confined inside the concentration plumes. The
temperature anomaly can directly interact with the momentum field and thus more similar
to the situation in the RB flows. Therefore the GL theory performs better in the CD regime
than in the TD regime, as shown in figures 3a-c.
CONCLUSIONS AND DISCUSSIONS
In summary, we conducted the direction numerical simulations of the RB convection
driven by two scalar components which have different molecular diffusivities. The flow
morphology changes for different ratios of the buoyancy forces associated to the two scalar
differences. We have generalized the GL theory for the RB convection to the current problem.
The results show that the theory captures the overall trends of the dependences of scalar
fluxes and flow velocity on the control parameters. For most of the cases the theory predicts
the absolute values with good accuracy. This comparison demonstrates the applicability of
the GL theory to multiple component convection flows. The accuracy of the theory decreases
when the fast-diffusing component dominates the buoyancy force, i.e. in the TD regime. We
argue that in this regime, the structures of the slow-diffusing component is very different
from those in the traditional RB flows, and the argument in the original GL theory becomes
less accurate.
A more refined generalization of the GL theory should assume that the coefficients are
not constant but some functions of the density ratio Λ, and they recover the original GL
values when the system degenerates to a single scalar RB flows. The theory also deserves to
be tested over a larger parameter space, such as for the scalars with Prandtl number smaller
than one, which is of relevance to some astrophysical flows.
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